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EXISTENCE AND GLOBAL EXPONENTIAL STABILITY OF
A PERIODIC SOLUTION OF A HOPFIELD-TYPE NEURAL
NETWORK WITH DISTRIBUTED DELAYS AND IMPULSES

VALERY COVACHEV AND ZLATINKA COVACHEVA

ABSTRACT. For a clasa of Hopfield-type neural networksa with finite dis-
tributed delays and impulses in an integral form a sufficient condition for
the existence of a periodic solution is obtained by using the Contraction
Mapping Principle. If the system has a periodic solution, sufficient con-
ditions are obtained for its uniqueness and global exponential stability
introducing a suitable Lyapunov functional.

1. INTRODUCTION

A neural network is a network that performs computational tasks such as
associative memory, pattern recognition, optimisation, model identification,
signal processing, etc. on a given pattern via interaction between a number
of interconnected units characterized by simple functions. Over the past two
decades neural networks have been widely studied since they have been suc-
cessfully applied to various processing problems such as optimisation, image
processing, associative memory and many other fields (see [4] and references
given therein). Different types of applications depend on the dynamical be-
haviours of the neural networks.

From the mathematical point of view, an artificial neural network corre-
sponds to a nonlinear transformation of some inputs into certain outputs. Many
types of neural networks have been proposed and studied in the literature and
the Hopfield-type network has become an important one due to its potential for
applications in various fields of daily life. The model proposed by Hopfield, also
known as Hopfield's graded response neural network, is based on an analogue
circuit consisting of capacitors, resistors and amplifiers.

In the present paper we find a sufficient condition for the existence of a peri-
odic solution for a class of Hopfield-type neural networks with finite distributed

2010 Mathemaotics Subjeci Classification. 34A37, 34C25, 34D23, 82B20.
Key words and phrases. neural networks, impulses, distributed delays, periodic solution,
stability.
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26 V. COVACHEV AND Z. COVACHEVA

delays and impulses in an integral form by using the Contraction Mapping Prin-
ciple. If the system has a periodic solution, we obtain sufficient conditions for
its uniqueness and global exponential stability introducing a suitable Lyapunov
functional.

2. STATEMENT OF THE PROBLEM. PRELIMINARIES

We consider a class of Hopfield neural networks with integral impulsive con-
ditions and finite distributed delays, which are formulated in the form of a
system of impulsive delay differential equations

(2.1) dmozl'ft) et
+ j;bijfj (/0 K;j(s)xi(t —s) ds) + I (%), t o 1y,
(2.2) Azi(tr) = —cunzs(te)

k

m t
+ ZBijk‘I’j (

j=1 te—1
where m is the number of neurons in the network, x;(t) is the state of the
i-th neuron at time ¢, a;(t) > 0 is the rate at which the i-th neuron resets its
state when isolated from the system; b;; is the synaptic connection weight from
the j-th neuron to the i-th one, f;(-) are signal transmission functions of the
j-th neuron; w > 0 is the maximum transmission delay from one neuron to
another, K;;(-) and c;;x(-) are nonnegative integrable delay kernels; I;(t) is the
external input to the i-th neuron; ¢ (k € Z) are the instants of impulse effect
which form a strictly increasing sequence, Az;(fx) := z;(tx +0) — z;{(tx — 0) =
xzi(te + 0) — z;(tk); our > 0, ~vir and B i are constants; ®,(-) are scalar
functions.

Here and below for the solution z(¢) and other piecewise continuous functions
we use the notation
z(ty) = x(ty — 0) = . lim x(t), z({x+0)= . lim  z(t).

—tg, t<lg —ig, >0

Cijk(8)z;(s) ds) + Yk, k€Z, i=1,m,

‘We make the following assumptions:

[H1]: There exists a positive integer p such that txy, = tx +w for k € N.
Moreover,

a;(t+w)=a;(t), L{t+w)=IL() for te€R and i

=1
O ktp = Qiks Yik+p = Yik for k€Z and i=

’m’
1,m,

Bijrip = Bijx for k€Z and i,j=1,m,
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Cijh+p(s +w) = cijk(s) for k€ Z, s € [tg—1,ta] and ¢,j =1, m.

[H2]: The functions a;(t), I;(t) (i = 1,m) are piecewise continuous on R
with possible discontinuities of the first kind at the points tx (k € Z)
where they are continuous from the left.

[HL3]: There exist positive constants F;, F; such that

|fi(2) = FiW)| < Flz —yl, |®j(z) — ®;()| < Fjlz —y| forany z,yeR.

The Hopfield neural network (2.1) is similar to the bidirectional associative
memory neural network considered in [6] and to Hopfield neural networks con-
sidered in our previous papers (see, for instance, [2]). The impulse conditions
(2.2) are similar to those in our paper [1].

Without loss of generality we can assume that

(2.3) O=to<ti <ta < - <tp =w.

Next we shall use an assertion which can be found in [3, Chapter 2, §7.1]
using a little different notations.
Consider the linear impulsive system

(2.4) (t) = A@)z@) +g@), t#tk,
Azx(ty) = Brz(tyx) + ax, kecZ,

where z, g : R —» R™, ay, € R™, A(t) and By are (m x m)—matrices, {tk}rez is

a strictly increasing sequence such that lim ¢ = Foo.
k—=+oo0

Suppose that the following conditions hold.
[A1]: There exists w > 0 and p € N such that tx4, = tx +w, Bryp = Bk,
ak+p = ax (k € Z).
[A2]: The matrix-valued function A(¢) and the vector-valued function
g(t) are w-periodic and piecewise continuous, with possible discontinu-
ities of the first kind at the points ¢, where they are continuous from
the left.
[A3]: The matrices E + By, k € Z, are nonsingular (E — the unit (m x
m)—matrix).
Suppose, for the sake of definiteness, that the instants of impulse effect ¢i. satisfy
(2.3). Together with (2.4) we consider the respective homogeneous system

(2.5) () = A@®)=z(t), t#tx,
A.’l:(tk) = Brxz(t), kecZ.

We assume that
[A4]: System (2.5) has a unique w—periodic solution z(t) = 0.
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Let the (m x m)-matrix X (¢) be the fundamental solution of (2.5) (i.e.,
X (0) = E). Then condition [A4] implies that the matrix £ — X (w) is nonsin-
gular. In such a case (see [5]) the nonhomogeneous system (2.4) has a unique
w—periodic solution ¢(t) given by the formula

o(t) = / " Gt r)g(r) dr + 3 Gl th + O)ax,
0 k=0

where Green’s function of the periodic problem for the nonhomogeneous system
corresponding to (2.5) is defined by

G — [XOE-X@) X7,  0<r<i<w,
T X+ w) (B - X (W)X (), 0<t<7T<w,

and extended as w—periodic with respect to ¢, 7.
‘We apply the above assertion to a system of the form

d.f(,'r,; t
(2.6) d—t() —a;(t)x:(t) + g:(t), t # tg,
Ami(tk) = —aikm(tk) + ik, keZ, i=1,m.

For this system condition [A3] takes the form:
[H4]: oy #1lfori=1,mand k=0,p— 1.
Further on, X (t) = diag (X;(¢), i = 1, m), where

X,(t) = exp (— /0  as(s) ds) 0<1t‘[<t(1 — k).

In particular,

Xi(w) = exp (— /ow a;(s) ds) ;ii[:(l — Qik)

and condition [A4] takes the form:
[H5]: For i = 1,m we have
W p—1
exp (—/ ai(s) ds) H(l — ) # 1.
0 k=0
If conditions [H4] and [H5] are satisfied, then Green’s function of the periodic
problem for the nonhomogeneous system corresponding to

da:i (t) o ] ]
dt - _a"b(t)z’t(t)) t ?é tr,

Amz(tk) = _aikmi(tk), ke z, i=1,m,
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is given by G(t,7) = diag (G;(t,7), i = 1,m), where
exp(— JEai(s) ds) ]_[ (1—a"k)

1— exp( 5 ai(s)ds) 1_[(1 a‘k)

exp( S ai(s) ds) (1—caix)
‘r<tk<t+w

1—exp(— Jo ai(s) ds) k];[u(l—aik)

(2.7) Gi(t,7) =

and extended as w—periodic with respect to ¢, 7.
The unique w-periodic solution ¢(t) = (p1(t), p2(t), ..., Em(t))T of system
(2.6) is given by
p—1

28 @it _/ Gi(t,)gi(r) dr + 3 Gilt te + O)Ta, & = T,mm.
k=0

For G;(t,T) given by formula (2.7) we introduce the notation
(2.9) G = max sup |Gi(t,7)|-
i=L,m ¢ ,TE[0,w]
3. EXISTENCE OF A UNIQUE PERIODIC SOLUTION
Theorem 3.1. Let system (2.1), (2.2) satisfy conditions [H1] — [H5]. If
(3.1) G max | wF; Zlbﬂl/ K,;(s)ds

i=1,m

+ 7 ZZ |B:nk|/ ciik(s)ds | <1,

j=1k=0
then system (2.1), (2.2) has a unique w-periodic solution.

Proof. Let z(t) = (z1(t), z2(t), ..., Zm(t))T be an w-periodic solution of system
(2.1), (2.2). Then z(¢) can be considered as an w-periodic solution of a system
of the form (2.6) with nonhomogeneities

G(t) = ébﬁfj ([ Kuo)aste = 91ds) + 1.0,

ie = ZBijk‘I)j(
i=1

cijk(8)2;(s) d8> + Viks keZ, i=1m,

k—1
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for which conditions [A1]-[A4] are satisfied. Thus z(t) is given by equations
of the form (2.8), that is, z(¢t) = (z1(t), z2(t), ..., Zm(t))T is a solution of the
system of integro-summary equations

zi(t) = /Ow G:i(t, 1) ibijfj (/Ow K;;(s)z;(T — s) ds) + L(T)| dr

j=1

(3.2)

p—1 m tr
+ Z Gi(t, i + O) Z Bijkq)j (/ cijk(s)a:j(s) ds) + vk |, i=1,m.
k=0 j=1 te—1

System (3.2) can be written in an operator form as
(3.3) z = Pz,

where the operator P is given by Pz = (P1z, Pax,...,Pmz)T,

(Piz)(t) = /0 " Gt ) z: b f; ( /O " Kiy(s)z;(r — 5) ds) 4 I(r)| dr

p—1 m tk
+ Z Gi(t, tx +0) Z B;jr®; (/ cijk(8)xji(s) ds) + Yik |
k=0 j=1 te—1

i = 1,m. z(t) is an w-periodic solution of system (2.1), (2.2) if and only if
is a fixed point of the operator P. We shall find a sufficient condition for P to
act as a contraction in a suitable Banach space.

Denote by X the Banach space of functions z : R — R™, z(t) = (z1(2),
x2(t), - - ., Tm(¢))T which are w-periodic and piecewise-continuous, with possible
discontinuities of the first kind at {tx}rez where they are continuous from the

m
left, and equipped with the norm ||z|| = ) |z;|, where |z;| = sup |z;(¢)|. It
i=1 t€(0,w]

is easy to see that the operator P maps the space X into itself. It remains to
show that under the assumptions of Theorem 3.1 P acts in X as a contraction.
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Let z,y € X. Then we successively find
m (Piz)(t) — (Paiy)(¢)
/0‘*’ Gi(t, 7) ; bi; |:fj (/Ow K;j(s)z;(T — s) ds)
— f; (/0"" K;ij(s)yi(t —s) ds)J dr

p—1 m ty
+ Z Gi(t, tx +0) Z B |f15- (/ cijk(8)x;(s) ds)
k=0 i=1 k-1

- ®; ( - cijk(8)y;(s) ds)} , i=1,m;

te—1

|(P:z)(t) — (Pay)(2)]
< / Z|bm|pjfo Kii(8)|z; (1 — 8) — y; (1 — s)|ds dr

+ GZZlB”kUE/ cijk(8)|zi(s) —y;(s)|ds, i=T1,m;

k=0 j=1 to—

[P — Pyl < Z (wF |bz]|/ Kij(s)ds

— tre—1

Z | Bijil cw(s)ds) lz; —y;l, i=T1,m;

m
1Pz —Pyll =D |Pix — Pyl

i=1

< GY Y (ijIb,-jl/o K;j(s)ds
p—1 t

+ 5> |Bijk|/ cijk(8) ds) |z — 5l
k=0 tp—1

i=1 j=1

31
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= GZ WFzZ|sz|/ Kﬁ(s) ds
i=1 j=1 0
m p—1 tr
+ EZZ|Bjik|/ cjic(s) ds | |z — yil
j=1k=0 k1

IA

G ax wFZ b'i/K'iSds
mex (WF Yl [ i)

m p—1 tr m
+ EZZ|Bﬁk|/ cjin(s) ds lez — il
Te—1 i=1

j=1 k=0

= G max | wF; b-i/ Ki(s)ds
s (o3 bl [ Kt

m p—1

179
+ FI S Bl [ cue)ds |z =yl
=1 k=0 te—1

By virtue of inequality (3.1) we conclude that the operator P acts in the space
X as a contraction. O

4. GLOBAL EXPONENTIAL STABILITY OF A PERIODIC SOLUTION
In the sequel we shall use the following

Lemma 4.1. Suppose that

(4.1) a,-(t) > F; Z |bj,;| Aw Kji(s) ds

for all t € (0,w] U {tx +0}2_% and i =T, m.
Then there exists \* > 0 such that

(4.2) ai(t) = A— B33 |yl / Kji(s)e* ds > 0
j=1 0

for all X € [0,X%), t € (0,w] U {tr + O}z;é and i =1, m.
Proof. Let us denote

Hi(t,A) = ai(t) — A— F; > |bji / K i (s)e™ ds.
j=1 0
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For each t € (0,w] U {tx + 0}2_f #Hi(t,\) is a continuous decreasing func-
tion of A € [0,00) such that #;(¢,0) > 0 by virtue of inequality (4.1) and
N lirf H;(t,A) = —oo. Then it is easy to see that there exists A; > 0 such that
—r+o0

Hi(t,A) > 0 for all X € [0,);) and t € (0,w] U {tx + 0}2_%, while H;(t,A;) =0
for some t € (0,w] U {tx + 0}2_5. Now it suffices to choose A* = min };. O
i=1l,m

Our main result in the present section is the following

Theorem 4.2. Let system (2.1), (2.2) have an w-periodic solution x*(t) =
(z1(t), 25 (L), ...,z ()" and satisfy the conditions [H1]—[H5] and inequalities
(4.1). Then there exist constants M > 1 and A > 0 such that any solution
z(t) = (z1(t), z2(t), ..., zm(t))T of system (2.1), (2.2) defined at least for t >
—w satisfies the estimate
m 4(0,t)

(4.3) S lmi(t) —zr @) < Me [[ § max |1 — aix
; k=1

i=1,m

=1

i=1,m

m ti
+ max | F E |Bjik|/ A= i (s) ds
d=1 te—1

X Z sup |xzi(s) —xi(s)| forall t>0,

i—1 S€(—w,0]

where 1(0,t) = max{k € {0} UN : & < t} is the number of instants of impulse
effect t in the interval (0,t).

Proof. We have from (2.1) and condition [H3] that

(4.9 D*[e(t) - 1 ()] < ~a(®lei(t) - 71 ()
bl B [ K(o)leit - s) — a3 - 5)lds

for i = 1I,m, t > 0, t # tg, where DT f(t) denotes the upper right Dini
derivative of a continuous function f(t).
Let A* be the positive constant provided by Lemma 4.1. Next we define

(4.5) 2i(t) = |zi(t) — 2} (t)|e™,
where i =1,m, t € (—w,c0) and A € (0, A*). Then from (4.4) we derive

Dtz (t) < —(ai(t) — Mzi(t) + Z |bs5 | F /0“’ Kij(s)e)‘szj(t —s)ds

j=1
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for t > 0, t # tx. We define a Lyapunov functional V(-) by
(4.6)

V(t) = i {z,-(t) + é i | F /Ow K;j(s)er® (/tis zj(o) da) ds} , t>0.

i=1

It is easily seen that V() > 0 for ¢ > 0. We can now calculate the rate of
change of V(¢) along the solutions of (2.1):

DtV < Y {—(ai(t) = Nzi(8) + D [bis | Fy /Ow Kij(s)e* ds Zj(t)}
i=1 j=1

= — Z a,-(t) - - .F'z Z |sz| / Kji(s)e“ ds Zi(t) S 0
=1 =1 0
for t > 0, t # tg, by virtue of (4.2). This implies that V(¢) is nonincreasing on
each interval (¢x_1,tk], k£ € N, thus
(4.7) V(t) < V(tk_l + 0) for tc (tk—l,tk], k e N.
In particular,
(4.8) V(tk) < V(tk_l =+ 0), k e N.

Further on, making use of the equalities (2.2), for an arbitrary moment of
impulse effect ¢, k € N, we successively find

Azs — 27)(tr) = —cur(@i(tx) — 27 (¢x))

+ ZBijk {<I>j (/ti cijr(s)z;(s) ds) —®; (/ti cijk(s):v;(s) ds) },

|zi(te + 0) — z7 (tk + 0)| < |1 — il |wi(t) — =7 (x)l

m tk
+ 3 |Buel / cijk(s) |3 (s) — z3(5)| ds,
k—1

j=1

zi(te +0) < |1 — ayg|2zi(te)

m tk
Y IBl [ Aoz ds, i=Tm
Tr—1

i=1
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Making use of (4.6), (4.7) and (4.8), we obtain

V(tk +0) < max [1 — oik|V (tk)
i=1,m

e)‘(t"_s)cjik (s)zi(s) ds
te—1

< max |1 — aux|V (&)
i=1,m

||Ms
X
%

ik
+ / M=) max (T Z|Bﬂk|cﬂk(s)> V(s)ds
te—1

i=1,m =1

< {ma_xll—aik|

i=1l,m

+ max (f D 1Bl [ T esu(s) ds) } V(te-1+0)
tr—1

i=1,m =1

and

i(0,t)
(4.9) V() < H { max |1 —

+ max (]—" ZlBﬂkl )‘(tk_s)cjik(s) ds) }V(+O)
ti—1

i=1,m =1

for all ¢ > 0. Next, from (4.6) and (2.2) we find

i=

V(+0) = f: {zz(+0) + Z |b:5 | Fy / K;;(s)eM* (/_s zj(o) da) ds}

IA

Z {|1 — aio|2i(0) + F; Z | Bjiol / cjio(8) (e zz(.s)) ds

i=1 j=1

m w 0
+ F; Z |bji|/ Kji(s)e™ (/ e*? (e 2 (a)) da) ds}
i=1 0 —e

35
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m
< Z{ |1 — o |2:(0) — =7 (0)]
i=1

m 0
+ B 1Bl [ cn(©)ds sup [oi(s) - 2i(o)
j=1 t—1 sE 0)

t_1,
i w er —1
+ R lbl [ Ka() 5 ds sup fails) — 2i(s)
j=1 0 se(—w,O)
s w et —1
< 4 max |1 —oyo| + max FiZ“’jil/ K;i(s) ds
i=1,m i=1,m = 0 A

=1,m i—1 S€(~w,

m ) m
+ max (.7'1' Z |Bji0|/ cji0(8) ds) } Z sup o |zi(s) — zX(s)],
5=1 b

that is,

(4.10) V(+0) <MY sup |zi(s) —zi(s)|
=1 € —w,0

with

m w As _
M = max |1 —a;| + max (FiZ|bj,-|/ Kji(s)® X lds)
i=1 0

i=1,m i=1,m

i=1l,m

m 0
+ max (.7:1 Z |Bji0| / C430 (s) ds) .
i=1 t-1

Finally, the inequality

_Z |z (t) — a7 () = e Z zi(t) < eV (1)

combined with (4.9) and (4.10) yields (4.3). a

Definition 4.3. The periodic solution z*(t) = (z%(t),z3(t),...,z%, ()T of
system (2.1), (2.2) is said to be globally exponentially stable (with Lyapunov
exponent ) if there exist constants A > 0 and M > 1 and any solution z(t) =
(z1(t),z2(t), ..., 2m(t))T of system (2.1), (2.2) is defined for all ¢ > 0 and we
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have

(4.11) Z |zi(t) — zi ()] < Me_)‘tz sup |zi(s) —zi(s)| for all ¢ > 0.
i=1 =1 s€(—w,0]

For two sets of additional assumptions on the impulse effects we will show
that inequality (4.3) implies global exponential stability of the periodic solution
z*(t) of the impulsive system (2.1), (2.2).

Corollary 4.4. Let all conditions of Theorem 4.2 hold. Let there exist A €
(0, A*) such that

(4.12)  max |1 — ou| + max T Z | Bjik| et (s)ds | <1
i=1,m =1,m =1 te_1

for k =0,p — 1. Then the periodic solution x*(t) of the impulsive system (2.1),

(2.2) is globally exponentially stable with Lyapunov exponent .

Because of the periodicity inequality (4.12) holds for all ¥ € N. The proof
of the corollary is obvious. The global exponential stability is provided by the
rather small magnitudes of the impulse effects. Further we will show that we
may have global exponential stability for quite large magnitudes of the impulse
effects provided that these do not occur too often.

Corollary 4.5. Let all conditions of Theorem 4.2 hold. Let there exist positive
constants X € (0, \*) and B satisfying the inequalities

17
(4.13)  max |1 — au| + max | 7 Z | Bjik| eXte=8c ., (s)ds | < B
=1,m

z—lm =1 tr_1

fork=0,p—1, and 2In B < X\. Then for any Xe (0, — 2 In B) the periodic
solution z*(t) of the impulsive system (2.1), (2.2) is globally ezponentially stable
with Lyapunov exponent X.

Proof. Inequalities (4.3) and (4.13) yield

m

Z s (2) — X ()| < Me~ > BiOY Z sup |z:(s) —z;(s)] for all ¢t > 0.
i=1 i=1 s€(-w,0]

Condition [H1] (the relation between the periods w and p) implies that

lim {0.%) =2

b

t— 00 t w
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that is, for any £ > 0 there exists 7" = T'(¢) > 0 such that the inequality

i0,8) _p
i T w

is satisfied for all ¢ > T". For such ¢ we have i(0,t) < (B +¢)t and

+ €

3 lox(0) —ai(0] < MBS up [au(o) ~ 2 (6]
i=1 i=1 SE\ W,

It suffices to choose £ > 0 such that (% + 5) In B < A, and denote
A=Xx— (E —|—€) In B.
w

Then inequality (4.11) will be satisfied with X instead of A and a possibly bigger
constant M. O

5. CONCLUSION

In the present paper we found a sufficient condition for the existence of a
periodic solution for a class of Hopfield-type neural networks with finite dis-
tributed delays and impulses in an integral form by using the Contraction
Mapping Principle. For a system with a periodic solution, we obtained suffi-
cient conditions for its uniqueness and global exponential stability introducing
a suitable Lyapunov functional.
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